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ABSTRACT
For a ground-based radio interferometer observing at low frequencies, the ionosphere
causes propagation delays and refraction of cosmic radio waves which result in phase
errors in the received signal. These phase errors can be corrected using a calibration
method that assumes a two-dimensional phase screen at a fixed altitude above the
surface of the Earth, known as the thin-layer model. Here we investigate the validity
of the thin-layer model and provide a simple equation with which users can check when
this approximation can be applied to observations for varying time of day, zenith angle,
interferometer latitude, baseline length, ionospheric electron content and observing
frequency.
Key words: atmospheric effects – techniques: interferometric
1 INTRODUCTION
Radio waves from astronomical sources, particularly at
low frequencies, experience phase delays as they propagate
through the low-density plasma of the Earth’s ionosphere.
This effect is of concern in radio interferometry because it
affects measurements of the phase differences between pairs
of antennas that are used by radio synthesis telescopes to
reconstruct images of radio emission from the sky. Whilst
telescopes operating at higher radio frequencies (>1 GHz)
are generally able to correct for ionospheric effects using
direction-independent, time-varying gain phases from self-
calibration, arrays operating at lower frequencies such as
the Karl G. Jansky Very Large Array (VLA; 58–470 MHz;
Perley et al. 2011), the Giant Metrewave Radio Telescope
(GMRT; 153–610 MHz; Swarup 1991), the Murchison Wide-
field Array (MWA; 80–300 MHz; Tingay et al. 2013) and the
Low-Frequency Array (LOFAR; 30–240 MHz; van Haarlem
et al. 2013) have found that direction-dependent ionospheric
effects can limit the achievable dynamic range of astronom-
ical observations. This will also affect future low frequency
arrays such as the Square Kilometre Array (SKA-low; 50–
350 MHz; Dewdney et al. 2013).
Data reduction in radio interferometric imaging com-
pensates for this effect through ionospheric calibration. This
involves developing a model of the spatial and temporal vari-
ation of the ionospheric electron content, calculating the re-
sulting effect on the phases measured by the telescope, and
? E-mail: poppy.martin@postgrad.manchester.ac.uk
applying the direction-dependent phase corrections to the
data (Intema et al. 2009). Because the ionospheric electron
content is concentrated at a narrow range of altitudes (see
Figure 1), it is typically modelled as a spherical shell of in-
finitesimal thickness, centred on the Earth. The assumed
altitude of this thin layer above the Earth’s surface varies,
ranging from 200 km to 500 km (Nava et al. 2007; Cohen &
Ro¨ttgering 2009; Intema et al. 2009; Intema 2014).
The thin-layer model is not a perfect representation
of the ionosphere, and under certain conditions — a tele-
scope operating with widely-separated antennas at low fre-
quencies, or observations with a highly active ionosphere —
the error associated with this approximation may limit the
dynamic range of the resulting radio image. Intema et al.
(2009) state that it is unclear under what conditions this
occurs. More complex models are possible to avoid this error
— for example, Intema et al. (2011) model the ionosphere
as three distinct layers at 100 km, 200 km and 400 km —
but it would be helpful to have a simple test to determine
when such an approach is required.
In this paper, we investigate the range of parameters
over which the thin-layer model is valid. Section 2 introduces
the thin-layer model, Section 3 describes its application to
ionospheric calibration in radio interferometry, and Section 4
discusses the error that results from the thin-layer model,
and the consequent error in the ionospheric phase calibration
of a radio synthesis telescope. We present our final result in
the form of an equation with which radio astronomers can
check when the thin-layer model can be safely applied to
observations, and briefly summarise in Section 5.
c© 2015 The Authors
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Figure 1. Typical profile of ionospheric electron density, show-
ing layers of the ionosphere and some altitudes assumed in ap-
plications of the thin-layer model. Electron density values below
2000 km were obtained from the IRI for 03:00 local time on
17 February 2015 at 40◦ geomagnetic latitude and 0◦ geomag-
netic longitude, while values above this altitude were obtained
from the plasmaspheric model of Gallagher et al. (1988) for the
same geomagnetic latitude and time of day and scaled to fit (see
text).
2 THE THIN-LAYER MODEL
The quantity of interest for determining the ionospheric
phase delay is the electron column density or total electron
content (TEC), commonly measured in TEC units (TECU),
where one TECU is 1016 electrons m−2. In the thin-layer
model, the ionosphere is represented as a thin spherical shell
surrounding the Earth at a fixed altitude h above the mean
Earth surface. The true distribution of ionospheric electron
content with altitude shown in Figure 1 is neglected, and in-
stead described only by the equivalent TEC along a vertical
column (vertical TEC; VTEC) at each point on the shell.
The slant TEC (STEC) along a line of sight can then be
calculated based on the VTEC at the point at which the
line of sight pierces the thin layer, as
STEC =
VTEC
cos θ
, (1)
where θ is the angle of the line of sight to the thin layer at the
pierce point. In the simplified flat-Earth case, shown in Fig-
ure 2, this is also the zenith angle θ′of the line of sight from
the observer. Neglecting horizontal variation of the TEC,
the thin-layer model is in this case perfectly accurate, and
not dependent on the value chosen for h.
For a more realistic, spherical Earth, as shown in Fig-
ure 3, this is no longer true. The angle of the line of sight
to the thin layer at the pierce point, θ, and the zenith angle
of the line of sight of the observer, θ′ can be related by the
law of sines (Thompson et al. 2001)
sin θ =
RE
RE + h
sin θ′ (2)
where RE = 6, 371 km is the mean radius of the Earth and
ionosphere
thin layer
h
observer
LOS 1
LOS 2
θ′
θ
pierce point
Figure 2. Illustration of vertical and slanted lines of sight
through the ionosphere. The column density of electrons along a
vertical line of sight (‘LOS 1’) is the VTEC. The column density
of electrons along a slanted line of sight (‘LOS 2’) is the STEC,
and is related to the VTEC in the thin-layer model by the angle
θ at which it intersects the assumed thin layer, per Equation 1.
In this simplified case, ignoring the curvature of the Earth, θ is
independent of the altitude h of the thin layer, and equal to the
zenith angle θ′ of the line of sight from the observer.
hence, from Equation 1,
STEC = VTEC×
(
1−
(
RE
RE + h
sin θ′
)2)− 12
. (3)
In this case, even if horizontal variation of the TEC is ne-
glected, the STEC calculated with the thin-layer model will
differ from the true electron column density along the line
of sight, depending on the assumed altitude h of the thin
layer.
To illustrate the imprecision of the thin-layer model due
to the curvature of the Earth, we will compare STEC2D, cal-
culated for a thin-layer ionosphere at altitude h per Equa-
tion 3, with STEC3D, calculated for a three-dimensional
ionosphere with a realistic altitude profile of electron density.
To calculate STEC3D, we divide our profile into individual
layers of 1 km thickness and approximate each as a distinct
thin layer, taking
STEC3D =
30,000∑
i=60
STECi (4)
where STECi is the STEC calculated per Equation 3 from
the VTEC value for an individual layer at an altitude
h = i km. We obtain our electron density profile by combin-
ing separate models for the ionosphere proper and for the
plasmasphere, a high-altitude component of the ionosphere
which typically contributes about 10% to the daytime TEC
(Yizengaw et al. 2008). For the ionosphere up to an altitude
MNRAS 000, 1–8 (2015)
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Figure 3. Illustration of a slanted line of sight through the iono-
sphere for a spherical Earth. In the thin-layer model, the VTEC
and STEC are related by the pierce angle θ, as in Figure 2. How-
ever, unlike the flat-Earth case, the pierce angle θ is not equal
to the zenith angle θ′, and depends on the assumed altitude h
of the thin layer. Since h is only an approximation to the true
distribution of the ionospheric electron content across a range of
altitudes, this leads to inaccuracy in the thin-layer model.
of 2,000 km we use the International Reference Ionosphere
(IRI; Bilitza et al. 2011), a historical model based on contem-
poraneous measurements; we use the profile for 03:00 UT on
17 February 2015 assuming a pierce point of the thin layer
at 40◦ geomagnetic latitude and 0◦ geomagnetic longitude.
The IRI model only extends up to altitudes of 2000 km,
therefore, for the plasmasphere at higher altitudes, we use
the model of Gallagher et al. (1988), a parameterised fit to
historical variation with latitude and time of day. We renor-
malise the latter to match the former at the altitude where
our profile transitions between the two models. The resulting
profile is shown in Figure 1.
The comparison between STEC2D calculated assuming
a thin-layer model and STEC3D calculated for a realistic
three-dimensional ionosphere is shown in Figure 4. The thin-
layer model significantly overestimates the STEC at large
zenith angles for assumed thin-layer altitudes of 250 km and
350 km, but provides a somewhat closer approximation with
an altitude of 450 km. The applicability of the thin-layer
model for phase calibration does not, however, depend di-
rectly on the precision with which it reproduces the STEC.
We will discuss this in more detail in Sections 3 and 4.
3 IONOSPHERIC PHASE CALIBRATION
Radio interferometry depends upon measurements of the
phase difference between pairs of antennas separated by
baseline vectors. If the lines of sight to a radio source from
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Figure 4. STEC3D calculated per Equation 4 for the electron
density profile shown in Figure 1, and STEC2D obtained for the
same profile using the thin-layer model in Equation 3, both for
a range of zenith angles θ′ as shown in Figure 3. All definitions
of STEC are equivalent for a zenith angle of zero, at which they
simply reproduce the VTEC, but generally diverge for lines of
sight closer to the horizon. The accuracy of the thin-layer model
depends on the assumed thin-layer altitude h, with h = 450 km
being approximately correct over the widest range of zenith an-
gles.
two antennas have different STECs, the ionosphere will in-
troduce a different phase on each antenna, causing an error
in the phase measurement. The ionospheric phase delay is
(Intema et al. 2009)
φ ≈ e
2
4piε0mecν
STEC (5)
≈ 4840◦ ×
( ν
100 MHz
)−1( STEC
TECU
)
(6)
where e is the electron charge, ε0 is the permittivity of free
space, me is the mass of an electron, c is the speed of light
in a vacuum and ν is the radio frequency. If the distribu-
tion of ionospheric electron content can be determined, the
difference in STEC between two lines of sight can be cal-
culated, and the resulting phase error subtracted from the
measurements.
In low-frequency radio observations, there is typically
substantial variation in the phase delay due to ionospheric
structure across the field of view, as illustrated in regimes 3
and 4 from Figure 1 of Lonsdale (2005). Ionospheric calibra-
tion can correct for this by using bright sources to form a
model for the ionospheric structure, which then allows cor-
rections to be applied for the ionospheric phase delay else-
where in the field of view. In a typical radio observation
at frequencies low enough to require ionospheric calibra-
tion, there are nant & 20 antennas observing nsrc & 10 radio
sources bright enough to be used for ionospheric calibration
in a single field of view (van Weeren et al. 2009; Intema et al.
2011; Wykes et al. 2014), which leads to nant × nsrc & 200
pierce points at which information can be obtained about
the ionospheric electron content. Figure 5 illustrates this for
three antennas observing two sources, resulting in six pierce
MNRAS 000, 1–8 (2015)
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Figure 5. Illustration of nant = 3 antennas, part of a radio syn-
thesis telescope, simultaneously observing nsrc = 2 sources (in the
far field). This results in nant × nsrc = 6 pierce points in the iono-
sphere (in the near field), which may be used for ionospheric cal-
ibration.
points; see also Figure 4 of Intema et al. (2009) for an ex-
ample of ionospheric pierce points for a real observation.
SPAM (Source Peeling and Atmospheric Modeling; In-
tema et al. 2009), a widely-used method for performing iono-
spheric calibration, uses an iterative peeling procedure to
determine the STEC along the line of sight between each
source-antenna pair, relative to an arbitrary reference value.
In its original implementation, each line of sight is assumed
to pierce the ionosphere at a single point as described by
the thin-layer model, and the STEC at each of these pierce
points is converted to an equivalent VTEC per Equation 3.
A power-law spectral density model is fitted to these points,
allowing the VTEC to be interpolated across the footprint
of the field of view on the ionosphere. When imaging, these
VTEC values are converted back to STEC via Equation 3,
and the phase corrections calculated per Equation 6. This
procedure corrects for horizontal variation in the ionospheric
electron content and, when repeated for successive time in-
tervals, also corrects for temporal variation.
The use of the thin-layer model causes inaccuracy in
ionospheric phase calibration through two different effects.
Firstly, lines of sight that nominally pass through the same
point on the assumed thin-layer may sample different regions
of the ionosphere above or below this altitude, which may
have different electron content. Secondly, even if horizontal
variation in the ionospheric electron content is neglected,
the curvature of the Earth leads to inaccuracy in the derived
STEC, as discussed in Section 2 and shown in Figure 4. In
Section 4 we investigate the magnitude of this latter error,
as a measure of the range of validity of the thin-layer model,
and of the circumstances under which it is necessary to use a
more complex model such as those in later implementations
of SPAM (Intema et al. 2011).
4 TESTING THE THIN-LAYER MODEL
Consider two radio antennas, A and B, observing a source
ionosphere
thin layerh
b
A
B
θ′+  ∆θ′
θ′
θ + ∆θ
θ
Figure 6. Illustration of two antennas (A and B), part of a radio
synthesis telescope, observing a source through the ionosphere.
Due to the curvature of the Earth, the zenith angle θ′ of the
source from each antenna, and the consequent pierce angle θ at
the thin-layer ionosphere, will differ, depending on the baseline
length b. The discrepancy ∆STEC due to the thin-layer model
will therefore differ between the two lines of sight, leading to a
phase error ∆φAB across this baseline.
through the ionosphere as depicted in Figure 6. Let us as-
sume that the ionosphere has been perfectly calibrated using
the thin-layer model, and the VTEC is perfectly known at
all points on the thin layer; for simplicity, we shall assume
that this VTEC, and the electron density profile, are the
same everywhere. The derived STEC along the line of sight
from each antenna will be subject to an error
∆STEC = STEC2D − STEC3D (7)
associated with the thin-layer model, as discussed in Sec-
tion 2, which will lead to corresponding errors ∆φA, ∆φB
in the phase corrections. If the antennas are closely spaced,
these errors will be almost identical, and the error
∆φAB = ∆φA −∆φB (8)
in the phase correction on the baseline between these two
antennas will be close to zero. The larger the distance b be-
tween the antennas, however, the more significant the error
in the calibrated phase on this baseline.
The assumption here that VTEC is perfectly calibrated
is not strictly accurate, because the calibration process
is also based on phase measurements along lines of sight
through the ionosphere, as described in Section 3, and so is
subject to the same discrepancy between the true STEC3D
and the STEC2D values inferred for a thin-layer ionosphere.
However, it is the difference in this discrepancy from one
antenna to another, due to differing zenith angles θ′, that is
responsible for the phase error ∆φAB, and this difference is
not corrected by the calibration procedure. This is because
MNRAS 000, 1–8 (2015)
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Figure 7. Diurnal variation of STEC3D and the thin-layer model STEC2D, and (lower panels) the derivative Z of the ratio between
the two. The STEC shows the expected increase during the day due to solar forcing, while Z varies significantly, but its magnitude is
minimised at all times by a thin-layer altitude of h = 450 km, except at large zenith angles. Plots are for the specified local times (GMT)
on 17 February 2014 (local winter) for an ionospheric pierce point at 40◦ geomagnetic latitude and 0◦ geomagnetic longitude.
the footprints on the ionosphere of the fields of view of differ-
ent antennas typically overlap, as in Figure 5, and so a point
on the ionosphere will be calibrated on the basis of nearby
pierce points of lines of sight from multiple antennas, with
different zenith angles.
The phase error ∆φ for each antenna will be related to
∆STEC by Equation 6. To find the phase error ∆φAB on
the baseline, we need to find the difference between ∆STEC
for the two antennas, which we can approximate as
∆STECAB ≈ ∆θ′ d∆STEC
dθ′
(9)
in terms of the zenith angle θ′, differing by ∆θ′ between the
two antennas as shown in Figure 6. The first factor in this
expression can be approximated as
∆θ′ ≈ b/RE. (10)
To find an expression for the second factor, we define the
TEC ratio derivative,
Z =
d
dθ′
STEC2D
STEC3D
(11)
which we can approximate as
Z ≈ 1
STEC3D
d∆STEC
dθ′
(12)
provided that ∆STEC  STEC3D, and further approximate
as
Z ≈ cos θ
′
VTEC
d∆STEC
dθ′
, (13)
provided that the line of sight is not close to the horizon.
As the TEC ratio derivative Z plays a key role in deter-
mining the phase error ∆φAB, we investigate its behaviour
across a range of parameters, using the same numerical ap-
proach as in Section 2. Figures 7, 8 and 9 show respectively
the variation with time of day, with season and with latitude.
In all cases, the strongest variation is with the zenith angle
and the assumed altitude of the thin layer, with an altitude
h = 450 km minimising the magnitude of Z for zenith angles
less than 55◦. The variation over all of these parameters is
summarised in Figure 10, which provides a range of typical
values for Z.
Substituting Equations 10 and 13 into Equation 9, and
converting from STEC to phase with Equation 6, we find
the phase error associated with the thin-layer model, on the
baseline between two antennas, to be
∆φAB ≈ 0.44◦ ×
( ν
100 MHz
)−1( b
km
)
×
(
VTEC
10 TECU
)(
Z
0.001 deg−1
)
1
cos θ′
. (14)
For comparison, Perley (1999) states that a radio image
typically has a maximum dynamic range of 20,000:1 which
corresponds to a phase error on a baseline of
φ ≈ N
D
(15)
where N is the number of antennas and D is the dynamic
range. Residual ionospheric phase errors will cause a system-
atic error in the phase measured on each antenna, however
due to the largely-random distribution of antennas in an ar-
ray this can be treated as random error in a similar way to
how the phase errors resulting from inaccuracy in baseline
MNRAS 000, 1–8 (2015)
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Figure 8. Seasonal variation of STEC3D and the thin-layer model STEC2D, and (lower panels) the derivative Z of the ratio between the
two. These plots are for 03:00 local time for an ionospheric pierce point at 40◦ geomagnetic latitude and 0◦ geomagnetic longitude. The
STEC is maximised around April 2014 and July 2014 (local spring and summer, respectively), while Z varies little throughout the year,
its magnitude is always minimised by a thin-layer altitude of h = 450 km, except at large zenith angles. The variation with season differs
depending on the latitude as it is affected by phenomena such as the mid-latitude winter anomaly (seen in the northern hemisphere) and
the semiannual anomaly which is where the electron density at the F-layer peak height is greater at equinox than at solstice (Lee et al.
2011).
determination are treated by Perley (1999). If ∆φAB exceeds
the value given by Equation 15, the use of the thin-layer
model will degrade the dynamic range of an image.
In Table 1 we calculate the phase calibration precision
required to achieve this dynamic range using Equation 15
for the radio synthesis telescopes mentioned in Section 1
(LOFAR, GMRT, VLA, MWA and SKA-low) and, as ex-
amples, calculate the typical values of the phase error for
the longest baselines of these radio synthesis telescopes. For
most of these arrays (the VLA, the GMRT, LOFAR and the
SKA-low), the use of the thin-layer model will be a limit-
ing factor at the listed frequencies assuming a typical mid-
latitude, daytime VTEC of 10 TECU (Verkhoglyadova et al.
2013), but for the more compact MWA, the use of the thin-
layer model is not a limiting factor unless the ionosphere is
extremely active and the VTEC is correspondingly high. If a
typical mid-latitude, nighttime VTEC of 4 TECU (Verkho-
glyadova et al. 2013) is instead assumed, the use of the thin-
layer model is not a limiting factor for the LOFAR HBA
(Superterp) and the VLA in D-configuration as well as for
the MWA.
5 CONCLUSION
We have numerically investigated the phase error that re-
sults from using the thin-layer model in ionospheric phase
calibration for a radio synthesis telescope, independent of
horizontal variation in the ionospheric electron content, us-
ing a realistic vertical electron density profile. We find that
an assumed thin-layer altitude of ∼450 km generally min-
imises this particular error. Our final result allows observers
to determine the circumstances under which the thin-layer
model can reasonably be applied to radio observations:
Equation 14, together with typical values for the TEC ratio
derivative Z from Figure 10, provides a value for the phase
error resulting from the use of the thin-layer model. We find
that this phase error limits the imaging fidelity for long-
baseline arrays such as the VLA, the GMRT, and LOFAR
LBA array and HBA array, as well as the future SKA-low,
as shown in Table 1.
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Figure 9. Variation with latitude of STEC3D and the thin-layer model STEC2D, and (lower panels) the derivative Z of the ratio between
the two. The STEC is higher near the equator and lower near the poles. The magnitude of Z is minimised at all latitudes by a thin-layer
altitude of h = 450 km, except at large zenith angles. Plots are for 03:00 local time for an ionospheric pierce point at 0◦ geomagnetic
longitude on 17 February 2015 (local winter).
Table 1. Typical phase error resulting from the thin-layer model for five radio synthesis telescopes: the GMRT, the MWA, LOFAR
LBA and HBA (Dutch stations, core and Superterp) the VLA (A and D configurations) and SKA-low. The table displays the frequency,
latitude, maximum baseline and magnitude of the TEC ratio derivative, Z, assuming a zenith angle of θ′ = 45◦ for each telescope. The
lowest frequencies are considered for each telescope, providing a worst-case scenario for observers. The phase error is calculated for each
telescope for typical mid-latitude daytime (10 TECU) and nighttime (4 TECU) VTEC (Verkhoglyadova et al. 2013), assuming a pointing
azimuth of either due east or due west (i.e. fixed latitude) and a thin-layer altitude of 450 km. The VTEC can vary by a factor of 10
from the typical mid-latitude daytime VTEC and as the VTEC varies, it will cause a proportional change in the phase error. Assuming
a dynamic range of 20,000:1, the limiting phase error is calculated for each telescope for comparison.
Telescope Frequency Latitude Baseline |Z| Actual phase error Actual phase error Number of Max allowed
[MHz] [deg] [km] [deg−1] at 4 TECU [◦] at 10 TECU [◦] antennas phase error [◦]
GMRT 153.0 +19.10 25.0 0.00020 0.80 2.01 30 0.09
LOFAR LBA (Superterp) 30.0 +52.91 0.24 0.00015 0.03 0.07 6 0.02
LOFAR LBA (core) 30.0 +52.91 3.5 0.00015 0.43 1.08 24 0.07
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Figure 10. Range of possible values for the TEC ratio derivative
Z, reflecting variation with time of day (sampled at one-hour
intervals), season (sampled one day in each month), latitude (from
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